Abstract. We study the dynamics of the de Sitter resonance, namely the stable equilibrium configuration of the first three Galilean satellites. We clarify the relation between this family of configurations and the more general Laplace resonant states. In order to describe the dynamics around the de Sitter stable equilibrium, a one-degree of freedom Hamiltonian normal form is constructed and exploited to identify initial conditions leading to the two families.
Introduction
The three Galilean satellites of Jupiter, Io, Europa and Ganymede are phase-locked in the so-called Laplace resonance [FM79, MD99] . This fascinating dynamical state involves the commensurability 4:2:1 of the mean motions and a locking of the relative precession of the peri-Jove of Io and Europa. On the other hand, the peri-Jove of Ganymede is not locked: hence, out of the four resonant angles combining longitudes and arguments of peri-Joves, three are librating and one is rotating [SM97] .
However, a state in which all four combination angles are librating is conceivable and indeed dynamically possible. Its discovery is usually attributed to de Sitter [dS31] and is actually only one of a possible set of dynamical states [BH16] . In a simplified planar model of the mutual interactions of the three satellites in the Newtonian field of Jupiter, after reducing to four degrees of freedom, the de Sitter dynamical states are indeed equilibrium points. In the four degrees of freedom model, the Laplace state corresponds to a periodic orbit in which three angles are fixed and a fourth angle changes periodically.
The dynamics become quasi-periodic in the full system with six degrees of freedom. We refer to the de Sitter state as the only stable equilibrium in all four angular variables.
The starting model considered by de Sitter in [dS31] is the planar 4-body problem Jupiter-Io-Europa-Ganymede, in which the influence of Callisto and the Sun is neglected.
There, he considers periodic orbits of 1 st and 2 nd kind, whose solutions, according to [Poi99] , are circles or ellipses. In [dS31] de Sitter proves the existence of a family of periodic orbits with nearly circular Keplerian ellipses, parameterized by the eccentricity of one of the satellites. The seminal work of de Sitter was recently re-considered in [BZ17, BH16] . In both works, a 5-body problem including Callisto is considered. The existence of a positive measure set of Lagrangian invariant tori is proved to exist in a neighborhood of the periodic orbits.
In the present work we consider the 4-body problem Jupiter-Io-Europa-Ganymede.
This system is described by a Hamiltonian function with 8 degrees of freedom (hereafter, DOF), which can be reduced to 6 DOF due to the translational symmetry. Following [Hen84, Mal91] , we make a transformation of coordinates, taking into account the linear combinations of the angles corresponding to the Laplace resonance. It turns out that two variables are cyclic, thus reducing the model to a 4-DOF Hamiltonian. We then locate the stable equilibria of this system. By means of the Lie transform method, we construct a resonant normal form for the Laplace resonance. With this procedure we obtain an approximation of the Hamiltonian (namely, an expansion around reference values up to second order in the momenta), which allows us to reduce the problem to a 1-DOF Hamiltonian. In this context, we aim at clarifying the interrelationship between the two dynamical states (de Sitter and Laplace) which can be viewed as explicit solutions of the 1-DOF Hamiltonian system, whose normal form has the appearance of a fundamental resonance problem. On the phase-cylinder of this Hamiltonian, the de Sitter stable equilibrium is an elliptic fixed point. The libration domain around it is bounded by a critical curve beyond which rotating solutions exist (compare with Fig.1 ). One of these rotating trajectories is a fairly good approximation of the actual observed Laplace state.
The reconstruction of the dynamics is quite accurate when also a first-order secular description of the oblate potential of Jupiter is included in the model. Hamiltonian normal forms obtained in this framework are prototypes for the description of systems trapped in resonance. This de Sitter normal form can be used to explore the dynamics both around the librating and rotating regimes when perturbed with higherdegree terms in the expansions of the satellite mutual interactions, secular effects from Callisto, the Sun, higher-degree multipoles of Jupiter, etc. A further improvement of the model, which can be the subject of a future work, might include dissipative perturbations due to tidal interactions.
We illustrate the use of the 1-DOF Hamiltonian to check the accuracy in the location of the equilibrium and how sensitive is this when changing the nature of the perturbation.
As an application, an inspection of the phase-plane of the normal form allows us very easily to identify a Laplace-like configuration which displays almost every feature of the observed one.
The plan of the paper is as follows: in Section 2 we introduce the Hamiltonian model; in Section 3 we locate the stable de Sitter equilibrium and construct the normal form;
in Section 4 we investigate its predictive power and the sensitivity to higher-order effects and in Section 5 we discuss possible extensions and conclusions.
An analytical model of the Laplace resonance
We illustrate the analytic model based on the Hamiltonian method to reconstruct the dynamics around the Laplace resonance. We follow the standard approach of Henrard and Malhotra [Hen84, Mal91] . The model includes the most relevant interaction and can be conveniently generalized when inserting less important effects. Working in the Jacobi coordinate frame and considering only planar orbits, we take into account the Newtonian monopole, the oblateness of Jupiter and the mutual interaction of the three satellites (Io, Europa and Ganymede) involved in the resonance. Their osculating elements, respectively the semi-major axes, eccentricities, mean longitudes and longitudes of peri-Jove, are denoted as {a k , e k , λ k , k } with k = 1, 2, 3.
The Newtonian monopole Hamiltonian is given by
where m 0 , m k (k = 1, 2, 3) are, in order, the masses of Jupiter, Io, Europa and Ganymede.
The secular J 2 -term in the oblate potential of Jupiter is
where J 2 = 1.4736 × 10 −2 is the Jupiter quadrupole coefficient in the multipole expansion of the gravitational potential and R = 71398 kilometers is its equatorial radius. From the amount of these quantities we can state that the oblateness of Jupiter produces a very large effect, absolutely not negligible even in a first order picture: in fact the precession of peri-Joves turns out to be comparable in magnitude to the effects due to satellite couplings.
The mutual interaction of the three resonant satellites, limiting the expansion up to first order in the eccentricities, is given by:
where the B 0 and γ k are defined as
1/2 (α)+2α (2.4) and the b Since the eccentricities are small, it is convenient to use the modified Delaunay variables
with conjugate angles λ i and p i = − i . In these definitions, the following combinations of masses are introduced complying with the choice of the Jacobi frame:
10)
Overall, we have the Hamiltonian function
In order to exploit the resonances, we use the following Henrard-Malhotra coordinate transformation [Hen84, Mal91] , which takes into account the resonant combinations of the angles corresponding to the Laplace resonance:
14)
and, for sake of convenience, we also give the list of the old L-actions in terms of the new ones
In this way we obtain the transformed Hamiltonian
whose explicit form is given in Appendix A, formula (A.1). Now, the relevant property of (A.1) is that q 5 and q 6 are cyclic in H B , so that P 5 and P 6 are integrals of motion.
Therefore we get a 4-DOF Hamiltonian system with P 5 and P 6 as parameters.
Henrard [Hen84] and Malhotra [Mal91] , in their respective Hamiltonian models, proceed to expand the function around reference values for P 4 , P 5 , P 6 , noticing that they are intrinsically large quantities when compared with P 1 , P 2 , P 3 . To preserve the accuracy in the following computations, we prefer at the moment not to perform this expansion.
However, we will exploit these reference values as seeds for the computation of the equilibria. Moreover, since it is large but not conserved, we split the momentum P 4 according to
where P 4 , defined below in (3.7), is a fixed value and δP 4 denotes a small variation.
The 4-DOF system generated by H B is still quite complicated (and most probably nonintegrable). We proceed by investigating its equilibria and the dynamics around them.
The de Sitter equilibrium
We recall that the Laplace resonance is a three-body orbital resonance involving the Jovian moons described by the relations
As a consequence, the resonant Laplace argument φ L , defined by
librates around π: this implies that there can never be a triple conjunction of Io, Europa and Ganymede.
On the other side, the de Sitter equilibrium [dS31, BH16] corresponds to the set of relations:
We remark that these relations identify only one particular equilibrium state and that, as a matter of fact, several other equilibrium solutions are possible, each of them belonging to the de Sitter family (see [BH16] ). By denoting with the sequence {0, π, π, π} the values corresponding to (3.2)-(3.5), we can see that the combinations involving respectively one, two or three exchanges between 0 and π, are still equilibria. Moreover, a rotation of the whole system by π, corresponding to an overall exchange of each 0 with π and of each π with 0, provides an additional set of eight equilibria. We have therefore a collection of 16 possible de Sitter equilibria. However, as found by Hadjidemetriou and Michalodimitrakis [HM81] and analytically checked in the works by Broer and Hanßmann [BH16] and Broer and Zhao [BZ17] , all of them are linearly unstable, but for the one identified by (3.2)-(3.5) and its rotated counterpart. To this linearly stable configuration and the corresponding equilibrium value of the momenta, we will henceforth refer as the de Sitter equilibrium.
We remark that these last equilibrium values are slightly displaced when adding to the Hamiltonian (2.22) a small perturbation sharing its symmetries with respect to the angles.
Since the precise evaluation of these displacements can be difficult, we will generically have small librations around the given reference values of the combination angles.
Concerning the de Sitter equilibrium, the essential difference with respect to the standard Laplace resonant configuration is that, in addition to the conditions in (3.1), we now also have (3.4), that is the libration of q 3 around π. Since observations indicate that q 3 is rotating [SM97] , we realize that de Sitter equilibrium is not the observed configuration of the Galilean satellites. However, we can study under which conditions the real system fails to stay in this status.
To locate the equilibrium, we look for the solution of the system of equations
where the suffix DS means that the derivatives are computed at the values in (3.2)-(3.5). An exact general solution is difficult to get explicitly; most probably it could be obtained if H B is expanded as in [Hen84] and [Mal91] and retaining linear terms in the small momenta. We instead proceed by inserting the explicit values of the numerical parameters and exploiting the FindRoot function of mathematica R .
The values of the parameters are determined according to the following conventions. We scale physical units by choosing Gm 0 = 1 and a 1 = 1. Actually, this last choice is equivalent to scale distances by the semi-major axis of a virtual Io, which is taken as the nominal mean value coming from ephemerides. Analogously, the average observed values of a 2 , a 3 and of the three eccentricities, are used to initialize the computations: in Table 1 we list the values of the elements used in [LDV04] taken from the IMCCE, which will be used in the forthcoming computations. The true proper 1 semi-major axes involved in the dynamical status are among the outcome of the procedure and will slightly differ from them. The values of the Laplace coefficients used in the model are those corresponding to the mean elements: in Table 2 Using these values in the definitions (2.5) and in the transformed momenta (2.16)-(2.18), we compute the following seeds for P 4 and the integrals of motion P 5 , P 6 :
P 4 is the value of P 4 for the ephemeridal elements. In this way, solving the system (3.6)
we get the following solution for the de Sitter equilibrium:
= 9.74805159 × 10 −6 , (3.8) From these values and those in (3.7), using (2.19)-(2.21) we also get
from which, using again their definitions in (2.16)-(2.18), we can recompute the values of P 4 , P 5 , P 6 for consistency. The corresponding proper orbital elements are as follows: Comparing these values with the figures of Tables 1 and 2 , we see that the new semimajor axis ratios are still very close to the original ones and that the only slight but substantial change is in the eccentricity of Ganymede. A normal form Hamiltonian can be constructed to describe the reduced dynamics around the de Sitter equilibrium, in much the same way as semi-analytical constructions have been performed to get expansion solutions [Bro77] , making use of the advantages of the Lie-transform normalization [Kam70] . In order to apply the Lie-transform algorithm [Gio02, Eft11] , we now expand the function H B around the solution values P * a and keep terms up to second order in the momenta. This choice may at first seem to conflict with the first order expansion in the eccentricities. However, it is required to properly account for the relative importance of low-order non-resonant terms. The procedure to compute the normal form closely resembles the approach followed by Henrard [Hen84] : a sequence of near-identity canonical transformations is performed in order to remove selected terms in agreement with the specific aims of the normal form. Henrard's aim was to leave only the Laplace argument and therefore to eliminate q k , k = 1, 2, 3; instead, we are interested in the dynamics of the (P 3 , q 3 ) degree of freedom and therefore we eliminate the angles q 1 , q 2 and q 4 . Therefore, by using the equilibrium values (3.8), (3.9) and P * 4 = 0.22894897 computed from (2.16) and (3.11), we get a 1-DOF Hamiltonian depending on P 3 and q 3 with explicit form
The contour plot of this function, which is strictly related to the second fundamental resonance model introduced in [HL83] , is displayed in Fig.1 . The red curve represents the boundary which delimits the libration domain around the de Sitter equilibrium. The
Laplace configuration is outside this domain, where the dynamics is rotational and q 3 ranges from 0 to 2π. In this way we get a simple tool to highlight the reduced phasespace structure around the 4:2:1 resonance.
Integrations with the Hamiltonian model
We can exploit the plot of Fig.1 to investigate both the de Sitter stable libration and the actual Laplace state by locating suitable initial conditions.
Concerning the de Sitter equilibrium, we can at first ask two important questions:
how precisely it is located by exactly evaluating the values of P * a and how sensitive is this location with respect to higher-order effects. The first question arises from the fact that our computation is only in principle exact: two factors of uncertainties are given by the finite accuracy of the root-finding process and by the small inconsistency due to the fact that the Laplace coefficients used in the computations do not coincide with those corresponding to the elements of the solutions. The second question is instead more generally related to the global persistence of the equilibrium with respect to the reintroduction of all other perturbing effects excluded in the simplified model.
In Fig.2 P a , a = 1, ..., 4, fluctuate of the same amount (10 −4 ), whereas the integrals P 5 , P 6 are exactly conserved. These results are in substantial agreement with the expected variations of the values of the Laplace coefficients (cfr. Table 2 ): one could think to a refinement of the procedure with an iterative approach using updated values of the coefficients at each step.
Concerning higher-order effects, we have performed some investigations by extending the model with the addition of the following terms:
• the satellite self-interactions up to 2nd order in the eccentricities;
• the secular influence of Callisto and the Sun;
• the octupolar term in the expansion of the field of Jupiter. The expressions of these higher-order terms are written in Appendix B. In Fig.3 we see the numerical solutions of the canonical equations given by the second-order model Hamiltonian including the above effects starting with the same initial conditions as before.
We see that the q 3 angle shows appreciable quasi-periodic oscillations, but well within the limit of the libration area; the Laplace angle has still a quite small amplitude of variation.
Three time-scales emerge from the plots in Figg.2-3: a 485-days oscillation related to the 2:1 two commensurabilities (see the frequency value of (4.1) below), a ∼ 2000-days oscillation in the Laplace argument and a low-frequency modulation, probably a beat between the two resonances.
Also in the real Laplace resonance, a very small amplitude of the librations of q 1 , q 2 and q 4 is usually reported [YP81] . We can conjecture that this status is in some sense close to that of the de Sitter equilibrium but not trapped at it. A reasonable assumption is that of choosing initial conditions for motion of the model system of the Hamiltonian H B (P α , q α ) given by P 1 = P * 1 , P 2 = P * 2 , P 4 = P * 4 for the actions and q 1 = 0, q 2 = π, q 4 = π for the angles not directly involved in the rotation. The remaining two variables, P 3 and q 3 can be initialized at any point outside the boundary curve of Fig.1 .
Here we report some results obtained with the choice which are reasonably close to the observed values (see Table 1 
Conclusions
We have presented a simple model of the resonant interaction of the first three Galilean satellites of Jupiter. The back-bone of the Hamiltonian dynamical system associated with the model, based on the Keplerian and quadrupolar field of Jupiter and the first order self-interactions of the satellites, is captured by a 1-DOF normal form that permits to distinguish in a clear way the librational regime around the de Sitter equilibrium and the rotational one associated with the observed Laplace resonance.
We have investigated the uncertainties in the location of the de Sitter equilibrium, its sensitivity to higher-order perturbations and how close is the dynamics of the libration to the values which roughly correspond to the actually observed state. Looking at Fig.4 , we can heuristically deduce that, starting with a value of P 3 which is chosen so to reproduce realistic semi-axes and eccentricities (notwithstanding the limitations of the model), the interval of initial values q 3 ∈ (135
• , 225
• ) corresponds to librating rather than rotating trajectories. This gives a measure of the difference between the solutions associated to the de Sitter and the Laplace states.
A possible observational test concerns the apsidal precession of Ganymede. In fact, from (3.4), since longitudes advance almost linearly in time, 3 should be modulated at the same 485-days period of the 2:1 commensurability, with an amplitude spanning ∼ 20
• . We have checked this claim by using ephemerides (see the left panel of Fig.7) and verified with the outcome of the integration with our first-order model (see the right panel of Fig.7) . 
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